
ISRAEL JOURNAL OF MATHEMATICS 126 (2001), 157-171 

LOOSE ALMOST BLOWING-UP 
AND RELATED PROPERTIES 

BY 

PAUL C. SHIELDS* 

Mathematics Department, The University of Toledo 
Toledo, OH 43606, USA 

e-mail: paul.shields@utoledo.edu 

ABSTRACT 

It is shown tha t  finitely-fixed processes have ] -me t r i c  versions of the  al- 

mos t  b lowing-up property,  the  a p p r o x i m a t e -ma tch  wai t ing- t ime property,  

and  the  s t rong  form of extremali ty.  T h e  proofs make  use  of a new result  

t h a t  connects ,  in a local a lmos t  sure  way, f ixed-length blocks in a process 

with f ixed-length blocks in an expansion of the  process.  

1. I n t r o d u c t i o n  

Several results have recently been established for the class of finitely-determined 

processes, including a blowing-up characterization, [2], an empirical distribution 

result, [5, 4], and an approximate-match waiting-time theorem, [2]. Analogues of 

these results for the class of finitely-fixed processes and the ] -metr ic  are estab- 

lished in this paper, along with a strong form of extremality. 

Throughout  the paper  A denotes a finite set, x ~  denotes the finite sequence 

Xm,Xm+] , . . .  ,Xn, A n denotes the set of all x~, A ~ denotes the set of infinite 

sequences x = {xn: n _> 1}, A Z denotes the set of all doubly-infinite sequences 

x = {xn: n E Z}, and T denotes the shift on A m or its extension to A Z. A 

stat ionary measure # is a T-invariant Borel probability measure on A ~ or the 

stat ionary extension of such a measure to A Z. The distribution on A n defined by 

#,~(a~) = p({x: x~ = a~}), a~ C A '~, is denoted by tt,~, with the subscript omitted 
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when it is understood. The entropy of the stationary measure # is denoted by 

H(#) .  The sequence {X~} of random variables defined by X~(x) = x n , n  E Z,  

is called the process defined by #. In a slight abuse of language, "stationary 

process" will mean either a stationary measure on A ~ or A Z, or the process 

defined by such a measure. Unless stated otherwise such processes are taken to 

be ergodic. 

d tx n ~ n~ is the fraction of indices i < n The per-symbol Hamming distance nt 1, Yl ) 

for which xi ¢ Yi. The tin-distance between probability distributions # and v on 

A n is defined by the formula 

dn (#, v) = min E~ (dn (x~, y[~)), 
k 

where E~ denotes expected value and the minimum is over all distributions A on 

A n x A n that  have # and v as marginals. The extension to stationary measures 

is defined by the formula 

d(/.t, v )  = l i m  d n ( ~ n  , 1]n). 
n--+oo 

The distributional distance between two probability measures on A n is defined 

by 

I ,  - = Z l ' ( a '  - , ( a , b l .  

A stationary measure # is finitely determined (FD) if given e > 0 there exists k 

and 6 > 0 such that  d(p, v) <_ e, for any ergodie measure u for which I# - Ulk <-- 6 

and I g ( # )  - H(u)I  < 6. 
The (dn, 5)-blowup of a set C c_ A n is the 5-neighborhood of C with respect 

to the d~-metric, that  is, the set [C]d~,~ defined by the formula 

[C]d,~ ~ : {X~: min d,~(x'~, y~) < 6}. 
' yi'ec - 

A stationary measure # has the a l m o s t  b l o w i n g - u p  p r o p e r t y  ( A B U P )  if 

there is a sequence Bn C A '~, n >_ 1, such that  x~ E Bn, eventually almost surely, 

and such that  given 6 > 0, there is a ~ > 0 and an N, such that  #([C]d.,5) _> 1--6, 

for any n _> N and any set C C Bn for which #(C) _> 2 -~n. 

Given 6 > 0, the dn-approximate-match waiting time is defined by 

_ ,4 (~ rn+n- -1  n l/Vn(X,y, dn,5) = min{m > 1: ~n~yrn ,Xl )  < 6}. 

The following results were established in [2]. 
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T H E O R E M  1: 

1. A process is finitely determined i f  and only i f  it has the almost blowing-up 

property. 

2. I f  # is finitely determined then 

lira lira sup I log W,~(x, y, dn, 6) = H(it), 
6-+0 n-+oc /Z 

almost surely with respect to the product measure # x #. 

The per-symbol substitution/deletion distance fn(x~, y~) is the fraction of sub- 
stitutions and deletions needed to change x~ z into y~, that is, fn(x~Z,y~) = 

1 - t /n ,  where t is the length of the longest subsequence of x~ that agrees 

with a subsequence of y~. The distances fn(#,  v) and f(#, v), the definitions 

of finitely fixed (FF), of the (fn,5)-blowup, of the loose almost  blowing-up 

proper ty  (LABUP),  and of the fn-approximate-match waiting time function 

W,~(x,y, fn,5) are obtained by replacing d~ by f~ in the definitions of the pre- 
ceding paragraphs. 

The principal theorem to be established in this paper is 

T H E O R E M  2: 

1. A process is finitely fixed if  and only if  it has the loose almost blowing-up 

property. 

2. I f  # is finitely fixed then 

lim lim sup 1 log Wn(x, y, fn, 5) = H(#), 
&-+0 n--+~ n 

almost surely with respect to the product measure # x i t. 

The proof that LABUP implies FF is obtained by simply replacing d** by fn 

throughout the proof that ABUP implies FD given in [2]. Thus the only real 

issue in proving the first half of the theorem is to show that FF implies LABUP. 
Two ideas will be used. The first is that a finitely-fixed process can always be 

expanded to a finitely-determined process by inserting spacers between symbols in 

an appropriate manner; this follows from the basic theory described in [3]. The 

second idea is a connection between fixed length blocks in an ergodic process 

and fixed-length blocks in an expansion of the process. The expansion concept 

and the key expansion lemma, Lemrna 2, which is an almost sure local form 

of an unpublished observation of Jack Feldman, [1], are discussed in Section 2. 

Theorem 2 is proved in Section 3 by a direct application of the expansion lemma. 

With more effort a somewhat stronger form of/-extremality, which is of in- 

dependent interest, can be also be established. This is given in Section 4. The 
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stronger form of ]-extremality yields Theorem 2 by simply replacing dn by fn in 
the corresponding FD proofs. Likewise, it shows immediately that FF processes 

have the ]-analogue of the d-recognition property of [5, 4]. 
In summary, two proofs of Theorem 2 are given, one utilizing strong 

]-extremality to copy the proof of Theorem 1, the other a more direct argu- 
ment utilizing the expansion lemma to connect ]-blowup for contractions with 

d-blowup for expansions. 

ACKNOWLEDGEMENT: The author benefitted from discussions with Don 
Ornstein, who suggested the idea used to prove Theorem 4, with Benjy Weiss, 

who suggested the proof of part of Theorem 3, and with Xuehong Li, whose 
criticisms led to many clarifications and simplifications. 

2. The  expansion l emma  

The expansion and contraction language used in this paper is a special case of 
the towering and inducing/factoring language commonly used in ergodic theory. 

Informally, contraction is obtained by deleting all occurrences of a given symbol 
and expansion by inserting variable-length blocks of a new symbol between old 

symbols. The formal definition is given in the next paragraph. 

Let Y = {Yn} be a stationary, ergodic (A U {s})-valued process, where s t~ A. 
For ]So E A, put r0 -- 0 and let rj+l be the minimum n > rj such that Yn E A. 
The A-valued process defined by 

Xn=Yrn ,  n = 0,1,2 , . . .  

is called the cont rac t ion  of {Yn} to the times when Yn E A, while {Yn} is called 
an expansion of {Xn}. (See [7] for a discussion of these ideas.) For convenience 
we subtract I and focus on the number of steps before return, that is, the function 

defined for y E (A U {s}) z, Yo E A, by g(y) = O, if Yl E A, and 

g(y )=n ,  i f y i C A ,  l < i < n ,  a n d y n + l E A .  

The expected length of the spacer blocks is denoted by E(g). 
In the sequel, the distribution of the contracted process {Xn } is usually denoted 

by #, the distribution of an expanded process {Y~} by pg, and #g is called an 

expansion of  p wi th  spacer  symbol  s and spacer  funct ion g(.). 
For y~n • (A U {s}) m, let £:(y~n) denote the number of indices i • [1, m] for 

which yi • A, and let 

(1) t(1), t(2) , . . . ,  t(£(y'~)) 
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be the subsequence of those indices where Yi E A. If £ ( y ~ )  >_ n, let ~r~ (y~) = x~, 

where xi = Yt(i), 1 < i < n. 
Fix 5 > 0, let 

(2) m ( n ) = n ( l + 5 / 2 ) ( l + E ( g ) ) ,  n > l ,  

and put 

(3) Fm(n)(x~) = {y~(~): n < £(y~(~)) <_ (1 + (i)n, and 7rn(y~ (n)) = x'~}, 

and 

n 
X 1 

The ergodic theorem implies that  lim~_+~ #9(Fm(n)) -- 1. 

stronger, local form of this fact. 

LEMMA 1: lim,~_+~ ~(rm(~)(~)) ~(x~ ) - -  1, #-Mmost  surely. 

rm(n) = Urm(. ) (xr )  = (yF("): . _< L(~F (")) < (1 + 5)n}. 

The following is a 

Proo£ For n _> 1, put 

Gin(,0 = {Y: n' <_ £ ( y l  ('~')) <_ n'(1 + 5), Vn' _> n}, 

and note that  Gm(n) C_ Gm(n+l), and ltg(Gm(n)) -+ 1, by the ergodic theorem. 
F* iX n~ Let m(,~)~ l J denote the set of all y E (AU (s}) ~ for which y~(n) E Fm(n)(x~), 

and define the function 

9 * n 

Cn(x) = ~ (rm(n)(xl) nam(~)) 
#(x~) , x E A m. 

To prove the lemma, it is enough to show that ¢~(x) --+ 1, almost surely, since 

#g(Gm(~)) --+ 1. Towards this end, first note that 

0 < Ca(x) _< #g(Fm(n)(x'~)) <- 1, n > 1, 
, (xD 

since the set of y, for which £(y~n) >_ n and ~n(Y) = x~ for some m, contains the 
F* t-n~ set m(n)~XlJ and has #9-measure equal to p(x~) .  Furthermore, the expected 

value of Ca(x) goes to 1, as n ~ co, since ,,g(F* M Gin(n)) --+ 1, where t~ ~ re(n) 
F* I I  r *  (X n~ m(~) = v m(n)~ 1 J" Thus, to complete the proof of the lemma, it is enough to 

show that {¢~} is a supermartingale with respect to the filtration {~-n}, where 

.T'n denotes the a-field generated by the n-dimensional cylinders, {x: x~ = a~}, 

a~ ~ A '~. 
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To establish the supermartingale property first note that the relation 

Gm(~) C G,~(~+I) and the definition (3) of F~(n)(x~ ~) imply that for each x~ 

the following holds: 

~ m ( n + l ) ~ a q  j A Grn(n+l) ~ U r* f_n+l~ -- J" m ( n + l )  \Xl  ) N Gin(n) 
Tn+l  Xn+l  

= n 

This, in turn, gives 

F* n pg( m(~+l)(x?+ 1) n G,,~(n+l))#(x,~+llXl ) 
E(~)n+ll~n)(X) : E p ( x ~ + l )  

pgtF* (xn~ 
> = ¢ , , ( x ) ,  - 

which completes the proof of the lemma. | 

The proofs given in the next section will make use of the fact that the set 

Fro(n) can be required to consist of "typical" sequences, as stated in the following 

lemma. 

LEMMA 2 (The expansion lemma): Suppose {Bm C_ (AU{s})'~: m k 1} satisfies 
the condition that y~n E Bin, pg-eventually almost surely. Then 

lira pg(Fm(,~)(x~) N Bin(n)) = 1, y-almost surely. 
p(x ) 

Proof: This follows from the observation that the preceding proof applies with 

Gm(n} replaced by G~n(n ) = Gin(n) Nk~n {Y: y~(k) • Bin(k)}" | 

3. P roo f  of Theorem 2 

We make use of the fact that finitely-fixed processes have finitely-determined 

expansions. Only the existence of such expansions is needed in this section, but 

the stronger fact that expected spacer length can be made arbitrarily small will 

be needed in the next section, so we state the result in the following form. 

THEOREM 3: I£# is finitely fixed and e > O, then it has a finitely-determined 
expansion whose spacer [unction has expected value at most ~. 

Proof: First suppose p has positive entropy. We can then apply Corollary 5.5 in 

[3] taking p as S and T to be any FD process with smaller entropy, and labelling 
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the complement of A by s to obtain a finitely-determined expansion. The desired 

result follows since we can assume the difference between the entropies of S and 

T is arbitrarily small. For zero entropy #, we first insert a single symbol t f~ A 

with probability p < e/2, independently between each symbol of A Z. This gives 

an FF expansion ~ of p of positive entropy whose spacer function has expected 

value p, to which the preceding argument can be applied, after which t is replaced 

by s. | 

By the preceding theorem, to show that FF implies LABUP it is enough to 

show that contractions of ABUP processes are LABUP processes. The expansion 

lemma shows that sets of "typical" n-sequences that are not exponentially too 

small lift to sets of "typical" m(n)-sequences that are also not exponentially 

too small, hence have large d-blowups. This, combined with a simple bound 

on f~-distance in terms of dm(~)-distance, then implies that # has the f-almost 

blowing-up property. The simple bound, using the notation of (1), (2), and (3) 

from the preceding section, is stated as the following lemma. 

LEMMA 3: I f y ~  ('~) E Fm(,~)(x[ ~) and ~n(,,~) C Fm(,~)(5~), then 

<_ + 
n 

First note that if train is the minimum of t(£(y~(n))) and t(L:(~(n))) ,  Proof: 

then 

nL,(xl ' ,  < n - I { i  < tm n : = • A}I .  

On the other hand, 

n - I { i  < tmu,: Yi = Y:i • A)I <_ 5n + m(n)d,~(~)(yl~('),~ll~('~)), 

by the definition of Fro(n)(- ) and by considering the worst case when all the 

disagreements between Yi and Yi occur in the places where i _~ train. The lemma 

follows. | 

The following lemma states in precise form the fact that contractions of ABUP 

processes are LABUP processes. 

LEMMA 4: Let p be a contraction of an ergodic p~ that has the d-almost blowing- 

up property. Given 0 ~ e < 1, there is a ~ > O, an N,  and sets Bn C A ~, n ~_ N, 

such that x~ ~ • Bn, p-eventually almost surely, and such that if  n >_ N and 

C C_ Bn has measure at least 2 -~n, then p([C]i,~,~ ) )_ 1 - e~. 

Proof: Fix ~ > 0 such that e < 1, and let a be a positive number to be 

determined later. Since pg has the d-almost blowing-up property, there is a 
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/3 > 0, an M, and sets Bgm C_ ( A u  {s}) m, rn k M, such that  yl n E Bgm, 

eventually almost surely, and such that the following holds: 

(4) I f m >  M, BC_B~, a n d p g ( B ) > 2  -zm, thenpg([B]d.~,~)k l - a .  

Let 5 = e / 2  a n d K  = ( l + 5 / 2 ) ( 1 + E ( g ) ) .  For eachn ,  put re(n) = Kn, and 
for each x~, let Fm(n)(x'~) be the set given by (3). Choose N > (/3K) -1 so that 

re(n) >_ M whenever n > N. 

For n >_ N put 

. o :  {xr: (1- 5)p(xr)}, 
and note that  x~ E B. ,  p-eventually almost surely, by Lemma 2, since y~  E Bgm, 

eventually almost surely. 

Put  7 = / ~ K -  l /N,  suppose n _> N and suppose C C_ B,~ has measure at least 

2 -~'~. The goal is to show that  if N was chosen large enough, the set C has an 

f,~-blowup of large p,-measure, for appropriate choice of a. Towards this end, 

lift C to the set 

Fm(,)(x~) Sm(n).g B : ( J  n 
x~eC 

The definition of Bn guarantees that 

pg(B) > (1 - 5) ~ p(x~) = (1 - 5)#(C) >_ ( 1 -  5)2 -~n. 
x'~ ec 

Since 5 = e/2 < 1/2 and ~ = 5K - 1/N, it follows that 

pg(B) > (1 - 5)2 -~n >_ 2 -~m(n), 

so property (4) yields 
> 1 -  

It remains to show how this implies that p([C]/.,~) _> 1 - e, for N large enough 

and suitable choice of a. Towards this end, let 

Gin(n) = U Fro(n) (x~)M[B]d~("''a' n >_ Y. 
x~eB. 

Since p(Bn) -+ 1, Lemma 2 implies that  by making N larger, if necessary, it can 

be supposed that pg(Gm(n)) >_ 1 - 2a. This means, however, that  

(5) 1~(Trn(Gm(n))~ >_1- 2a, n >  N, 
\ / 
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since 

= E #g({Y: £(Y) -> n, and ~r,~(y) = x~}) 

F_. 

~g(rm(,,)(/?) n [B]d~(o),.) 

= ~ g ( G r a ( n ) ) .  

The final fact needed is that 

(6) ~rn(am(n)) C [C]/n,~+K~. 

To prove this suppose y~(n) E Gm(,O. Since y~(n) E [B]d.,(.),~ there is a 

~ ( n )  C B such that 

.4 /~ re(n) -un(n),~ (7) '~,~(~)~1 , ~  j <_a. 

Let 7rn(y~ (n)) = x~, which exists since y l  (~) E Ux~cB~ F~(n)(x~), and let 

Ir~(~11 (~)) = 5~, which exists and belongs to C, by definition of B. Lemma 3 
and the bound (7) then give f,,(X~l ~, ~ )  < 5 + Ka.  This proves the claim (6). 

The results (6) and (5) combine to give 

#([C]s~,5+K~ ) _> 1 -- 2a, n _> N. 

Lemma 4 follows from this, since 5 = e/2 and a > 0 can be chosen to satisfy 
K a  < e/2 and a < e/2. I 

An exponential lower bound on the measure of the support of the empirical 

distribution of k-blocks, which is valid eventually almost surely for any ergodic 
process provided only that k is not too large relative to path length n, is all that 

is needed to establish the second part of Theorem 2. Let 15k denote the empirical 

distribution of overlapping k-blocks in the sequence x~, that is, the distribution 

defined by 

(8) iSk(a k) = [~k(ak]x'l ') = ]{i e [1, n -- k]: X~ -Fk-1 = ak}] 
n - k + l  

and let Sk denote the support of iSk. 
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LEMMA 5: I[ # is an ergodic measure with entropy H and ~ > O, then there is 

a K such that #(,~k) > 2 -2k~, for all k E [K, to__q~l - g+~ J, eventually almost surely as 

n --+ o o .  

Proof: Let Bk = {Xlk: #(Xl k) >_ 2--k(H+¢)}. The entropy theorem yields a K such 

that ~k(Bk)  > 1 -- e, for all k C [K, ne/2], eventually almost surely as n --+ co; 

see Theorem 7 in [7]. As shown in [5], it is also true that IBk M ,~k] >_ 2k(U-c), 

for all k E [K, 1°--~1 H+~- eventually almost surely as n --+ co. Thus 

#(,~k) >_ p(Bk  M ,-Ok) >_ 2-k(H+~)2 k(H-~) >_ 2 -k2~, 

for all k E [K, 1°-~1 H-be J, eventually almost surely as n --~ oc. | 

COROLLARY 1: / f  ]A is a finitely-fixed measure of  entropy H and e > 0 then 

#([Ski/k,() > 1 -- e, for k ,.~ logn eventually almost surely. 
- -  H + e  

Proof." This follows immediately from the preceding lemma and the fact that 

FF implies LABUP. | 

The only properties used to prove the d-form of the approximate-match 

waiting-time theorem were the almost blowing-up property and the d-analogue 

of Corollary 1 (which clearly holds since FD implies ABUP); see [2]. Thus the 

second part of Theorem 2 now follows by replacing da by fa. 

4. A f ini te  f o r m  of  f in i t e ly - f ixed  

The finitely-determined property has a finite form which is a stronger version 

of the extremality concept discussed in [6]. To state this, we use the following 

notation. If u is a measure on A n, and k <_ n, t h e  u - d i s t r i b u t i o n  of  k-blocks 

in n-b locks  is the measure ¢ = ¢(k, u) on A a defined by the formula 

= Pk IxT)u(x?) = E .  IX % 
x~ 

that is, the expected value with respect to u of the empirical k-block distribu- 

tion/)a defined by (8). A stationary measure # is said to be f in i te ly  f in i te ly-  

d e t e r m i n e d  ( F F D )  if given ~ > 0, there is a 5 > 0 and positive integers k and 

N such that if n _> N then any measure ~ on A n for which [# - ¢(k, U)]k ~ 5 and 

IH(tt~) - H(u)l  ~_ n5 must also satisfy d~(p,u) ~ e. Theorem IV.2.2 in [8] can 

be rephrased as follows. 
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THEOREM 4: FD is equivalent to FFD. 

The definition of f in i te ly  f in i te ly-f ixed (FFF)  is obtained by replacing dn by 

fn in the definition of FFD. Our goal in this section is to establish the following. 

THEOREM 5: FF is equivalent to FFF. 

Proof: It is obvious that FFF implies FF, so the only issue is to show that 

FF implies FFF. Let # be a finitely-fixed measure with entropy H(#), and fix 

> 0. Let k and f be positive integers and a,/~, and 5 be positive numbers, to 

be determined later. Theorem 3 provides a finitely-determined expansion #9 for 
which E(g) <_ ~. 

The functions £(.), 7r.(.), and m(-) and the sets F,~(.)(-) are defined as earlier; 

see (1), (2), and (3). By the expansion lemma, we can suppose f. is large enough 
so that, if L = m(~), then 

#g(FL) > 1-- a/2 and #(Tre(FL)) _> 1 -  a/2.  

For K = re(k), let V~,- be the set of all y~" E FK such that #g(yl K) > 0 and 

#(Trk (yK)) > 0 and such that the following conditions hold: 

(a) Z I (afl I 
a~ elre(r c ) 

(b) E I/~(b~l Y~) - #g(bL)[ -< a. 
bLEFL 

By the expansion lemma and the ergodic and entropy theorems, we can suppose 
k is large enough that 

(9) pg(VK) _> 1 -  a and #(Trk(Vg)) >_ 1 --a.  

Since #9 is finitely determined we can suppose g is large enough so there exists 

3' > 0 and No such that dN(PgN, U*) <_ 5 2, for any N > No and any measure u* 
on (A U {s}) N that satisfies the two conditions 

(10) (i) ]#~ - ¢(L,v*)[L _< 7, (ii) ]H(p~v ) - H(u*)] _< N 7. 

Given a positive integer n, let u be a measure on A ~ that satisfies the two 

conditions 

(11) (i) ]#k -- ¢(~, k)lk <_/~, (ii) IH(#n)  - H(u)I <_ n~.  
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The goal is to show that if fl is small enough, then, by making k and e larger and 

a and 5 smaller, if necessary, there will be an no such that  ],~(p, y) <_ e, for any 

n > no and any measure u on A '~ satisfying the conditions (11). 

To achieve the goal, we let N = re(n) and show how to construct a measure 

~* on (A U {s}) N which is close to #g in g-th order distribution and entropy, 

in such a way that by removing the spacers and, possibly, a few other terms, 

dN-close sequences project to fn-close sequences. The key idea is to partition 

sample paths into disjoint blocks, most of which belong to 7rk(Vg), then add 

spacer to such k-blocks, independent of anything outside the k-blocks, using 

the conditional distribution determined by #a. Standard arguments show that  

such partitions exist with large v-probability. The definition of VK guarantees 

closeness of L-block distributions, while the independence condition guarantees 

closeness in entropy. 

In the construction it is sufficient to consider the conditional measure on 

"typical" K-blocks, given k-blocks, that is, the distribution defined by the 

formula 

e vK n rK(x ). (12) = n 

To carry out our strategy, let W,~ be the set of all sequences x~ that can be 

expressed as a concatenation 

x~ = w(1)w(2) . . ,  w(J)  

such that the total length of the w(j) that do not belong to 7rk(Vg) is at most 

2nx/a + ~. 

LEMMA 6: I f  n is large enough then , ( W , )  >_ 1 - v / -~- f l .  

Proof: First note that ¢(~rk(VK)) >_ 1 -- (a + fl), since #(rck(VK)) >_ 1 -- a 
and IPk - ¢(v, k)I k <_ ft. The Markov inequality implies that the set of x~ for 

which pk(rCk(VK)Ix~) _> 1 -- X/~ + fl has u-measure at least 1 - ~ .  But if 

[~k(rrk(VK)iX~) >_ 1 -- ~ ,  the packing lemma, Lemma 1.3.3 of [8], implies 

that x~ E W,~, provided only that k /n  <_ v ~  + ft. | 

The measure v* is defined as follows. If x~ ¢ W,,  extend it to x'~s g - "  and 

define u*(x~s N-")  = u(x~). If x~ E W, express it as the concatenation x~ = 

w(1)w(2) . . .w(J ) ,  where the total length of the w(j) that do not belong to 

7rk(Vg) is at most 2 n ~ .  For each j < J,  let ~(j )  = w(j),  if w(j) ¢~ 7rk(VK); 
otherwise, choose ~(j )  E VK M rK(w(j) ), form the concatenation 

(13) yN = 5 ( 1 ) ~ ( 2 ) . . - ~ ( J ) ~ ( J  + 1), 
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where 5 ( J  + 1) is a block of s's with length chosen so that the total length is N, 

and define 

v*(y N) = ~(x'¢) 1-[ #*(~(J)lw(J))" 
w(j)cTr~(vK ) 

In particular, note that if w(i) E 7rk(Vg) then 5(i) E VK N rg(w(j)) is chosen 
according to the conditional distribution (12), independent of the values of x~ 
that lie outside w(j), and the values of yN that lie outside ~(j) .  Let W~ denote 
the set of those yl N of the form (13) that come by extending in this way the 

members of Wn. 
This completes the definition of v*. 

The next task is to show that if a and/3 are small enough and k large enough, 

then v* satisfies the distributional condition of (10). The distributional distance 

^ L N * N _  lZp(b, lyl (yl) 

is upper bounded by 

(14) 2 v / a +  ft + E E I[~(bLlyN) -- #a(bL1)]'*(YN)' 

by Lemma 6. On the other hand, if ]w(J)l denotes sequence length, then for any 
yN of the form (13) the frequency (N - n + 1)ib(bLly~ N) is upper bounded by 

N 
E ( g - L + l ) i b ( b L ] ~ ( y ) ) +  E [ w ~ ) ] + L ~ ,  

~(j)evK W(j)~VK 

where the second term bounds the number of L-blocks that could start in the 
~( j )  that do not belong to VK and the final term bounds the number of L-blocks 
that could start in one of the last L - 1 places of the ~(j)  that belong to VK. 
Omitting the last term on the second sum yields the bound 2Nvf~--~ ,  by the 
definition of Wn, while ]~(J + 1)1 <__ 2Nv/-a +/3, also by the definition of Wn. 
Increasing K if necessary it can also be assumed that the third term is bounded 

by N v ~  +/~. Combining these facts with (14), we conclude that if K is large 

enough and a and f~ are small enough, then 

I#L - ¢(L, ~'*)[n _< ~, 

provided N is sufficiently large. Thus, part (i) of (10) can be forced to hold. 

The measure u* was defined so as to guarantee closeness in entropy to P~v. 
To establish this, random vector notation will be used. Let X k and YK denote 
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random vectors with the respective conditional distributions #k (']~rk (VK)) and 

#gg(.IVg). We can suppose k is large enough and c~ small enough that 

Our construction guarantees that 

NH(v*) 1 ~K ~k ~H(~I b~l) + ~H(..) +/(~,Z), 

where f ( a , ~ )  --+ 0, as ~ -~ 0. Combined with (15), this means that 

IH(ltgN) -- HN(V*)l <_ Ng' holds if a and/~ are small enough. 

In summary, if k is chosen large enough and a and /3 small enough, then 

the condition (10) for d-closeness holds and hence dg(tt  g, v*) <_ 62. Projecting 

downwards by removing the spacers and any extra symbols drawn from A that 

are needed to create those ~( j )  E VK for which £ ( ~ ( j ) )  > k and using an 

obvious modification of Lemma 3, we arrive at the conclusion that ]~(#, u) < e, 

for suitable choice of 5, a, ~, 5, and k, for all sufficiently large n for any v that 

satisfies the distribution and entropy conditions of (11). This completes the proof 

that  FF implies FFF. | 

R e m a r k  1: Theorem 2 and the ]-recognition property for finitely-fixed processes 

follow immediately from Theorem 5, merely by replacing dn by fn in the corre- 
sponding d proofs, since those proofs only made use of the fact that  FD implies 

FFD. 
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